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ON ABSTRACT VOLTERRA EQUATIONS WITH 
KERNELS HAVING A POSITIVE RESOLVENT 

BY 

PH. CLEMENT* 

ABSTRACT 

We consider the nonlinear  abstract Volterra equation of convolution type: 

(V) u(t)+b*Au(t)=u,,+b*g(t), t>=O, 

where A is m-accret ive in a Banach space X, b is a given real kernel, uo and g 
are given. Boundedness  and asymptotic properties of the solutions are estab- 
lished under  the assumption that the kernel satisfies certain natural positivity 
conditions. 

1. Introduction 

Let X be a real Banach space with norm I1" [I. Let A be a m -accretive operator 

in X, [3], i.e. for every A > 0, JA := (I + AA) i is a nonexpansive map which is 

everywhere defined on X. We consider the following Volterra equation of 

convolution type: 

(1.1) u ( t ) + b * A u ( t ) D f ( t ) ,  t>=O 

where b is a given real kernel, f is a given function with values in X and 

b * Au( t )  = f~b(t - s)Au(s)ds. Since for every A > O, the Yosida approximation 

of A, Ax:= A - ' ( I -  Ja) is Lipschitz continuous, the equation 

(1.1);, u ( t ) + b * A , u ( t ) = f ( t ) ,  t>-O 

possesses a unique solution u, ~ C([O, T]; X)  if bEL'[O,T]  and f E  

C([0, T] ;X) ,  T > 0 .  In [4], Crandall and Nohel have proved that if the 

assumption 
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f b ( E  W"t[O,T], b(O)>O, /~EBV[O,T]  
(H1) [ 

f ~  W"I[O, T;X], f(O)ED(A) 

is satisfied, then there exists u EC([O,T];X) such that lim,~oUA=U in 

C([0, T]; X); u is called the generalized solution of (1.1). Note that if (HI) is 

satisfied, then there exists a unique UoE D ( A )  and a unique g E L'(O, T:X)  
such that 

(1.2) [(t)=uo+b*g(t), O<=t<=T. 

Indeed Uo = [(0) and g is the unique solution of the equation 

b(O)g(t)+b*g(t)=/(t), O<t<=T 

(where • = d/dt). Conversely, if b E W1'1[0, T], b (0)>0 ,  /~ E BV[O, T] and 

UoE D(A) ,  g E LI(O, T;X), then [ given by (1.2) satisfies assumption (H1). 

The proof in [4] of the existence of a generalized solution of (1.1) shows that 

(1.1) is closely related to the equation 

(1.3) {(~(t)+Au(t)~g(t), O<t<=T, 

u (0)  -- Uo, 

which is (1.1) with b = 1. It is known [1], that if ul and uz are generalized 

solutions of (1.3) corresponding to the data Uo.l, uo.2 and gl, g2, then the following 

estimate, which implies continuous dependence of solutions of (1.3), holds: 

(1.4) ][ul(t)-  u2(t)ll<=llUo.l - Uo.211 + b *][gl-  g2/l(t) 

on [0, T], with b =- 1. In this paper we consider a class of kernels satisfying (HI), 

containing the kernel b --- 1, for which the estimate (1.4) still holds. Such class of 

kernels was introduced in [2, assumptions H4, H5]. Moreover, we prove that if 

the kernel b belongs to this class and is in L 1(0, oo), then the generalized solution 

of (1.1) converges strongly to a limit u® provided that g itself is bounded and 

converges to a limit g®. If b ~ L1(0, oo), it is well-known that u may not converge 

to a limit. (Take X = R 2 with the Euclidean norm, 

a=(°l '0) 
b ~ 1, g = 0, u0 J 0). Work is in progress on an analogous result in the case 

b ~¢ L 1(0, ~) and A = ~oI + B (~o > O, B m-accretive). 

In order to state our main assumption on the kernel b we need the following 
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definitions. For b E L~(O, T), let us denote by r(b) the resolvent of b, i.e. the 
unique solution in L~(0, T) of the equation 

(1.5) r + b * r = b ,  O<=t<=T, 

and by s(b), the unique solution in AC[O, T] of the equation 

(1.6) s + b * s = l ,  O<=t<=T. 

Our basic assumption on the kernel b is 

j 'For  every ,~ >0 ,  r(•b)>=O a.e. on [0, T] 
(I-I2) 

and s(Ab)=> 0 on [0, T]. 

It is known [7], [5], [2] that if b E L 1(0, T), is positive, nonincreasing and if log b 

is convex on (0, T), then b satisfies (H2). Observe that if b is completely 
monotonic on (0, ~), then log b is convex [7]. Observe also that 0-12) implies 
b => 0. In order to avoid trivialities we shall assume that b is not identically equal 

to 0. In connection with this class of kernels we mention the following 
"positivity" result: 

THEOREM [2; theorem 5]. Let b , f  satisfy (HI) and (H2) on [0, T] with 

f = uo + b * g. Let P be a closed convex cone in X. If J~(P) C P for every A > O, 

uoE P and g (t ) E P a.e. on [0, T], then u the generalized solution of (1.1) satisfies 

u(t) P, t [0, T]. 

2. Statement of results 

We first give the generalization of (1.4) to (1.1) with kernels b satisfying (H2). 

THEOaEM 1. Let b, fx, f2 satisfy (H1) and (H2) on [0, T], with ~ = 

uo.~ + b * g,, i = 1, 2. Let u~, u2 be the corresponding generalized solutions of (1.1) 
on [0, T]. Then 

(2.1) II u~(t)-  u2(t)l I _-< II u0,1- u0.2ll + b • I lgl-  g2lJ(t) 

0 <= t <= T holds. 

Our main result concerns the asymptotic behaviour of solutions of (1.1) as 

t ~ 00. For results in this direction, in the scalar case, but for more general 

kernels b, we refer the reader to [6]. 
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THEOREM 2. Let b, [ satisfy (H1) and (H2) on [0, T] for every T > O, with 
[ = u o + b * g  and b~O. If b~Ll (O,  oo), gEL®(R+,X)  and lim,~=g(t)=g= 
exists in X, then 

(2.2) 
b(s)ds 

]l u (t) - u®}} < 

Jo b(s)ds 
I lu0-  u=ll+ b * llg - g~}l(t) 

holds for t > 0 ,  where u is the generalized solution of (1.1) and u==  

(I + bA )-~(Uo + Gg~) with b = fo b(s)ds. 

3. Proofs 

In the proofs  we shall use the fact that if v E L1(0, T;  X )  satisfies 

(3.1) v ( t ) + b * v ( t ) = u o + b * g ( t ) ,  O<=t<T 

with b E L 1(0, T), Uo ~ X and g ~ L 1(0, T;  X )  then 

(3.2) v( t )=s(b) ( t )uo+r(b)*g( t ) ,  O<=t<-_T 

holds. 

PROOF OF THEOREM 1. We first establish (2.1) with A replaced by AA, A > 0 

and" then we pass to the limit as A ~, 0. For  A > 0, let u~  satisfy 

(3.3) u,.~ + b * Axu,.~ = Uo: + b * g,, t E [0, T],  i = 1, 2. 

F rom the definition of A~, we have 

(3.4) utx + A -lb * u,.~ = A - l b  * Jxu,.~ + uo.~ + b * g,  i = 1, 2. 

Using (3.2) we get 

(3.5) ut, = r(A-lb)*YAu,,x + s(A-lb)uo., + Ar(A-Ib)*g,, i = 1,2. 

Next  we est imate  II - u2.  II. Since J is nonexpansive ,  s (A- lb)  and r (A- lb )  are 

nonnegat ive ,  we obtain:  

Ilul,  - u2.~ II--< r ( X - l b ) *  [I-a.a - u2.a l[ + s(X-lb)llUo.l- Uo.2l[ 

(3.6) + A t ( X - ' b )  * II gl  - g211- 

We take the convolut ion of (3.6) with A-~b (which is nonnegat ive)  and we add 

(3.6). We  have 
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IlULA -- U2.~ II + A-Lb *llul.~ - u2.~ II 

< (r(A-'b) + A-'b * r(A-~b))* l[u , ,~  - u2,A I[ 

(3.7) + (s(A-'b) + A-~b * s(A -~b))ll uo., - uo.zl[ 

+ A (r(A-lb) + A-~b * r ( A - ' b ) ) * l l g , -  gzll. 

From the definition of r(A-'b) and s(A-~b), we obtain 

[I u0 . , -  u0.211 + b • II g ll. T h e  conclusion of Theorem l follows by letting A go 

to 0. 

PROOF oFTHEoREM 2. As in the proof of Theorem I, we first prove the result 

with A replaced by A^, A > 0  and then we pass to the limit as A ~, 0. 

For A > 0, let u~ satisfy 

(3.8) u~ + b * A^u~ = Uo + b * g. 

From the definition of A~ and (3.2) we have: 

(3.9) u~ = r(A-~b) * J~uA + s(A-~b)uo + Ar(A-lb) * g. 

Since A is m-accretive, A~ is also m-accretive and there is a unique u~® 

satisfying 

(3.10) uA= + bAxux® = Uo + bg= 

where 5 = fob(s)ds. 
Using again the fact that b E Ll(0,0o), we can rewrite (3.10) as 

(3.11) u~® + b * A~u~® = Uo + b * g + b * ( g ® -  g ) - ~w~ 

where 

ft ~ 
(3.12) so(t): = b ( s ) d s  

and 

(3.13) 

Let r/ satisfy 

(3.14) 

Then obviously ~w~ satisfies 

(3.15) 

w~ : = AAUA~ -- g®. 

r /+  A-lb * r / = ~ .  

~w~ + A - l b  * ~w~ = ~wA. 
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Using (3.11), (3.15), (3.2) and the definition of A~ we obtain 

uA. = r( )t-lb )* J~u~. + s(A-lb )uo + Ar(a-lb )* g 

(3.16) + •r(A -lb)  * (g® - g) - r/wA. 

Subtracting (3.16) from (3.9) and using the fact that J~ is nonexpansive, s(A-~a), 
r()t-la) are nonnegative, we get: 

(3.17) II u~ - u~l l  --< r(A-Xb) * II ux - u~l l  + ,~r(A-ab)* II g ~ -  g II + 1'7 Ill w~ II. 

Next we take the convolution of (3.17) with A-lb (which is nonnegative) and we 

add (3.17); we obtain 

(3.18) I lu~-u~ . l l<=b*l]g -g . l l+( l~ l+  ,\-~b*l~l)llw~il. 

We claim that r/ is nonnegative. Indeed r/ satisfies (3.14) with ~:(t)= 

G-f 'o  b(s)ds. Thus r/ satisfies (3.1) for every T > 0, with X = R, b replaced by 

)t-~b, Uo replaced by/~ and g replaced by - )~ 1, where l( t )  = 1. From (3.2) we get 

Io (3.19) n ( t ) - -  s(,~-~b)(t)6 - A r(X- 'b)( , )dr ,  t >0 .  

By using the identity 

fo' s(~-~b)(t) + r (1- 'b ) (r )dr  = 1, t >= 0 (3.20) 

we have 

(3.21) el(t) = - br()~- 'b)( t)-  )~r(A-'b)(t), t >- O. 

The fact that b, ,~ are positive and assumption (H2) imply that ~/ is nonincreas- 

ing. It remains to prove that |ira,_® ~/(t)_-> 0. 
Form (3.20) and assumption (H2), it follows that r (A- lb )E  L'(O, oo). (3.14) 

implies 

(3.22) 7/= ~ - r (A- 'b)  * ~. 

Hence lira,_® 7/(t) = 0 and 7/(t) > 0 for every t -> 0. Replacing 17/I by 7/ in (3.18) 

and using (3.14), we obtain: 

(3.23) Ilu~ - u~-II --< ~llw~ II+ b *l lg  - g-II. 

Since /~ > 0, using (3.13) we have 
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(3.24) ~(t ) l l  wA II = ~llb-AAua~- bg~ll. 

Finally using (3.10), (3.12), (3.23) and (3.24) we get 

~ b(s)ds  
(3.25) IluA(t)-m=ll<-_ ]luo-uA=ll+b*llg-g=ll(t), t>-----O. 

b(s)ds. 

Observe that (3.25) is the conclusion of the theorem with A replaced by AA. 

Since A is m-accretive we have 

lim u,= := lim (I + / ;A,  )-'(Uo +/~g=) 
a ~ o  AJ, o 

= lim (I +/~A )-l(Uo + bg=) = : u®. 
A,Lo 

Using assumption (H1), lima ,ou,  = u in C([0, T] ;X) ,  thus (2.2) follows from 

(3.25) by letting A go to 0. 

REMARK. It is clear from the proofs of the theorems that the assumption (H1) 

has been used only to insure that limA$0ua exists in C([0, T] ;X) ,  for every 

T > 0. Indeed Theorems 1 and 2 are valid for A replaced by AA, A > 0, if the 

assumption (H1) is replaced by the assumption 

]" a E L 1(0, T), 
(HI') 

Uo E X, g E L 1(0, T; X). 

It has been proved in [2, theorem l(ii), theorem 2(i), remark 2.3] that under the 

assumptions (HI') and (H2), if A is linear m-accretive with D ( A )  dense in X 

that lima ~0 uA exists in LI(0, T; X). Therefore in the linear case, Theorems 1 and 

2 are true with (HI) replaced by (HI'). Then pointwise inequalities (2.1) and (2.2) 

have to be replaced by a.e. inequalities. 
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